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Abstract 

A hypersurface without umbilics in the (n + l)-dimensional Euclidean space 
/ : M" — >■ is known to be determined by the Mobius metric g and the Mobius 

second fundamental form i? up to a Mobius transformation when n > 3. In this 
paper we consider Mobius rigidity for hypersurfaces and deformations of a hyper- 
surface preserving the Mobius metric in the high dimensional case n > 4. When 
the highest multiplicity of principal curvatures is less than n — 2, the hypersurface 
is Mobius rigid. Deformable hypersurfaces and the possible deformations are also 
classified completely. In addition, we establish a Reduction Theorem character- 
izing the classical construction of cylinders, cones, and rotational hypersurfaces, 
which helps to find all the non-trivial deformable examples in our classification 
with wider application in the future. 
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1 Introduction 

In submanifold theory a fundamental problem is to investigate which data are suffi- 
cient to determine a submanifold M up to the action of a certain transformation group 
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G on the ambient space. The deformable case means that there exists non-congruent 
(depending on G) immersions with the same given invariants at corresponding points, 
and such different immersions are called deformations to each other. In contrast, the 
rigid case indicates that such deformations do not exist (or just be congruent by the 
action of G). In this paper we consider deformations of hypersurfaces M" preserving 
the so-called Mobius metric in the framework of Mobius geometry (G is the Mobius 
transformation group acting on U {oo}). 

As a background let us review some classical results. It is known that a generic 
immersed surface in Euclidean three-space u : — )• is determined, up to a rigid 
motion of R^, by its induced metric / and mean curvature function H. All exceptional 
immersions are called Bonnet surfaces, which were classified by Bonnet [2], Cartan[7] 
and Chern|8] into three distinct classes: 

1) CMC (constant mean curvature) surfaces with a 1-parameter deformations pre- 
serving / and H (known as the associated family); 

2) Not CMC and admits a continuous 1-parameter deformations; 

3) Surfaces that admit exactly one such deformation. 

In either case, two Bonnet surfaces forming deformation to each other is called a 
Bonnet pair. These notions are directly generalized to other space forms S"^ and H^. 
See [U [Ml [m [22] for recent works on this topic. 

For a hypersurface / : M" — )• i?"+^(n > 3), the well-known Beez-Killing rigidity 
theorem says that / is isometrically rigid if the rank of its second fundamental form 
(i.e. the number of non-zero principal curvatures) is greater than or equal to 3 every- 
where. Compared to surface case this is a stronger rigidity result, mainly due to the 
Gauss equations which forms an over-determined system when there are many non-zero 
principal curvatures. 

On the other hand, all isometrically deformable hypersurfaces have rank 2 or less. 
They are locally classified by Sbrana |21j and Cartan [3]. According to their results 
there are four classes of them. The first two classes (surface-like and ruled) are highly 
deformable. The third class admits precisely a continuous 1-parameter family of defor- 
mations, and the fourth class has a unique deformation. 

In Mobius geometry, let /, / : M" — )• be two hypersurfaces in the (n + 1)- 

dimensional Euclidean space We say / is Mobius equivalent to / (or / is Mobius 

congruent to /) if there exists a Mobius transformation ^ such that / = ^ o /. It 
is natural to consider deformations preserving certain conformal invariants. In 
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Cartan considered the problem of conformal deformation, i.e. deformation of any given 
hypersurface preserving the conformal class of the induced metric. Cartan has given 
the following conformal rigidity result: 

Theorem 1.1. J4^ A hypersurface f : M" — t- i?"^^ (n > 5) is conformally rigid if 
each principal curvature has multiplicity less than n — 2 everywhere. 

In [TT] do Carmo and Dajczer generalized Cartan's rigidity theorem to submanifolds 
of dimension n > 5. Note that the multiplicity of a principal curvature is Mobius 
invariant. When the highest multiplicity is n or n — 1, it is the conformally flat case 
well-known to be highly deformable. When n > 5 and the highest multiplicity is n — 2, 
Cartan [4J gave a quite similar classification of conformally deformable hypersurfaces 
into four cases: 

I) Surface-like hypersurfaces (which are cylinders, cones or revolution hypersurfaces 
over surfaces in 3-dim space forms); 

II) Conformally ruled hypersurfaces; 

III) One of those having a continuous 1-parameter family of deformations; 

IV) One of those that admits a unique deformation. 

In [5] and [TU] Dajczer et.al. gave a modern account of Sbrana and Cartan's clas- 
sification. Following Dajczer, we call such conformally deformable hypersurfaces as 
Cartan hypersurfaces of class I, II, III, and IV. 

We observe that in the conformal class of a given immersed hypersurface in K^~^^ 
there is a distinguished metric called the Mobius metric g. Together with the Mobius 
second fundamental form B they form a complete system of invariants in Mobius geom- 
etry (see [23] or Theorem 12.21 in this paper). Based on our experience, the deformation 
preserving the Mobius metric g seems to be a natural and new topic. 

Definition 1.2. A hypersurface f : M" — )• R"-^^ is said to be Mobius rigid if any 
other immersion f : M" — )• R^^^ sharing the same Mobius metric g as f, is Mobius 
equivalent to f . An immersion f : M" — )• R""^^ is said to be a Mobius deformation 
of f if they induce the same Mobius metric g at corresponding points and f{M) is not 
congruent to f{M) up to any Mobius transformation. 

We obtain the following Mobius Rigidity Theorem. 

Theorem 1.3. Let f : M" — > (n > 4) be a hypersurface in the (n + 1)- 

dimensional Euclidean space. If any principal curvature of f has multiplicity less than 
n — 2 everywhere, then f is Mobius rigid. 
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Remark 1.4. Compared with Cartan's notion before, a conformally rigid hypersurface 
f : M" —7- i?"^"^ is Mobius rigid, but the converse may not be true. On the other hand, 
if f is Mobius deformable with deformation f , they are also conformal deformations to 
each other, but the converse may not be true. Thus when n> 5 our rigidity theorem is 
a corollary of Cartan's conformally rigidity result. 

On the other hand, Cartan treated the special dimensions n = 4, 3 m |3, [^. In 
particular, in Cartan has shown that, for n = 4, there exist hypersurfaces f, f : 
—7- that have four distinct principal curvatures at each point p G and are 
conformal deformations to each other. In contrast, our Mobius rigidity result as above 
still holds true for dimension n = 4. Because of this interesting difference and for the 
purpose of self-containedness we give a proof to Theorem \1.3\ in Section 7. 

The main result of this paper is the following classification theorem of all Mobius 
deformable hypersurfaces. 

Theorem 1.5. Let f : M" — ;> (n > 4) be a hypersurface in the (n + 1)- 

dimensional Euclidean space without umbilics. Suppose f is Mobius deformable. 

1) When one principal curvature of f has multiplicity n — 1 everywhere, this de- 
formable f must have constant Mobius sectional curvature. They are either cones, cylin- 
ders or rotational hypersurfaces over the so-called curvature-spirals in 2-dimensional 
space-forms. (See [13] for the classification or Section 4 for an independent proof.) 

2) When one principal curvature of f has multiplicity n — 2 everywhere, locally f is 
Mobius equivalent to either of the three classes below: 

(a) f{M^) C X i?"^^, where is a Bonnet surface in R^; 

(b) fiM") C CL2 X where CL^ C R^ is a cone over C S'^ and is a 
Bonnet surface in S"^; 

(c) f{M'^) is a rotational hypersurface over I? C R\, where I? is a Bonnet surface 
in the hyperbolic half space model 1^. 

Moreover, the Mobius deformation to any of them belongs to the same class and 
comes from the deformation of the corresponding Bonnet surface I?'. 

Remark 1.6. According to our classification result, among Cartan hypersurfaces 1 10^ . 
only the first class (surface-like hypersurfaces) may share the same Mobius metric with 
their conformal deformations. The other three classes of conformally deformable hy- 
persurfaces are Mobius rigid in our sense. 

Remark 1.7. In the definition above, it is noteworthy that the non-congruence be- 
tween f[M),f{M) (the images) is stronger than the non-congruence between f,f (the 
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mappings), because the same hypersurface f{M) C i?" might be given different param- 
eterizations f and f which are NOT Mobius equivalent. In other words there might 
exist an (isometrical) diffeomorphism (j) : M" — )■ and a Mobius transformation 
^ : R^^^ U {00} —7- K^^^ U {00} such that the following diagram commutes: 

*-M" 

U {00} — ^ U {00} 

A typical example is the Mobius isoparametric hypersurface (see !119\, \15 f or Section 9 
for the definition) with three distinct constant Mobius principal curvatures 



n — 1 n — 1 
2n V 2n 

It is part of the cone over the Cartan minimal isoparametric hypersurface y : N"^ — )• 
£''^(1) i?^ C R^'^^ with three distinct principal curvatures. This is a tube of 
a specific constant radius over the Veronese embedding RP^ M> S"^. It is well-known 
that its induced metric has a 4-dimenional isometry group whose elements do NOT 
preserve the principal distributions in general. Any such isometry (p extends to an 
isometry of the cone (with respect to its Mobius metric g) which is surely NOT a 
Mobius transformation of the ambient space. Any possible deformation f to the cone 
f preserving Mobius metric g arises in this way, hence is excluded from our notion ( as 
well as the classification list) of Mobius deformable hypersurfaces. See the discussion 
of this example in Section 9. 

Remark 1.8. For a hypersurface f : M ^ R^^^ of constant Mobius curvature c, 
generally we can map any neighborhood of a given point p £ M to a neighborhood of 
another point q £ AI by an isometry ( of (M, g) ) which is not induced from a Mobius 
transformation of the ambient space. This is because any such hypersurface is confor- 
mally flat with a specific principal direction which is not preserved by a generic isometry 
of (M, g) . So they provide the first class of deformable hypersurfaces. 

Circular cylinder and spiral cylinder ( constructed from a circle or a logarithmic spi- 
ral, respectively) belong to this class, yet they are different. Each of them is homoge- 
neous, namely invariant under a subgroup of the Mobius group ( of dimension at least 
n) which acts transitively on M^). On the other hand each of them have a bigger 
isometry group (with respect to {M^,g)) which generally are not induced from Mobius 
transformations. So they resemble Cartan's example in the previous remark. Yet these 
two hypersurfaces still have non-trivial deformations. See final remarks in Section 4- 
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Remark 1.9. Some comments on low dimensional case n = 3 or 2. We do not 

have any Mobius rigidity result because our algebraic theorem \6.1\ fails in this case (see 
Remark \6. But the construction of Mobius deformable hypersurfaces in Section 3 is 
still valid for n = 3. 

When n = 2, generally a surface with a given Mobius metric is highly deformable. 
So we would consider deformation problems under stronger restrictions. We just men- 
tion that any Willmore surface admits a one-parameter associated family of Willmore 
surfaces endowed with the same Mobius metric. For more on related topics see !W^ . 

Remark 1.10. It is very interesting that the non-trivial deformable examples all arise 
from the classical construction of cylinders, cones or rotational hypersurfaces over a 
given hypersurface in a low- dimensional Euclidean subspace, sphere or hyperbolic half- 
space, respectively. Such constructions appeared many times in various contexts and 
problems in Mobius geometry and Lie sphere geometry. We find that such examples 
have a nice characterization (Theorem \5. 1\} in terms of its Mobius invariants introduced 
by the third author in ^24j. We believe that this Reduction Theorem is a valuable tool 
in simplifying discussions of many similar problems. 

We organize the paper as follows. In Section 2, we introduce Mobius invariants 
and the Mobius congruence theorem for hypersurfaces in i?"^^ (n > 3). Examples of 
Mobius deformable hypersurfaces are given in Section 3 and 4 (in particular, Section 4 
gives a new proof to the classification theorem of hypersurfaces with constant Mobius 
sectional curvature) . These examples are characterized by our Reduction Theorems 15.11 
(used in Section 9) and 15.31 (used in Section 4) proved in Section 5. 

After these preparations, as a purely algebraic consequence of the Gauss equation we 
show in Section 6 that the (Mobius) second fundamental forms of / and its deformation 
/ could be diagonalized almost simultaneously. Then we investigate our problem case 
by case. When the highest multiplicity is less than n — 2 we establish the rigidity result 
(Theorem 1 1.3p in Section 7. Section 8 treats the conformally flat case (i.e. the highest 
multiplicity is equal to n — 1) where we show such deformable examples must have 
constant Mobius curvature, which have been classified in Section 4. In Section 9 all 
deformable hypersurfaces with one principal curvature of multiplicity n — 2 are proved 
to be reducible to cylinders, cones or rotational hypersurfaces using the Reduction 
Theorem in Section 5. This finishes the proof to the Main Theorem II. 5[ 
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2 Mobius invariants for hypersurfaces in 

In this section we briefly review the theory of hypersurfaces in Mobius geometry. For 
details we refer to P^. [TH]. 

Let be the Lorentz space, i.e., i?"^^ with inner product < •, • > defined by 
<x,y>= -xoVo + xiyi H h Xn+2yn+2, 

for X = {xo,xi,--- ,xn+2),y = {yo,yi,--- ,yn+2) G -R""^^- 

Let / : M" — )• R^'^^ be a hypersurface without umbilics and assume that {cj} is an 
orthonormal basis with respect to the induced metric / = df-df with {6i} the dual basis. 
Let // = ^ hijOiOj and H = Y2i ir be the second fundamental form and the mean 
curvature of /, respectively. We define the Mobius position vector Y : M" — t- i?""*"^ of 
/ by 

Theorem 2.1. I24I Two hypersurfaces f,f : — )• R"-^^ are Mobius equivalent if 
and only if there exists T in the Lorentz group 0(n + 2, 1) in i?"^^ such that Y = YT. 

It follows immediately from Theorem 2.1 that 

g=<dY,dY >=p^df-df 

is a Mobius invariant, called the Mobius metric of /. 
Let A be the Laplacian with respect to g. Define 

iv = -^Ay - ^ < Ay, Ay > y, 

which satisfies 

<Y,Y >={)=< N,N >, <N,Y>=1. 

Let {El, • • • , En} be a local orthonormal basis for {M^,g) with dual basis {wi, • • • , Un}- 
Write Yi = Ei{Y). Then we have 

<Yi,Y >=<Yi,N >=0, <Y„Yj>=6ij, l<i,j<n. 

Let ^ be the mean curvature sphere of / written as 

? = H + / • e„+i, H - f ■ en+i,Hf + e^+i 
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where e„+i is the unit normal vector field of / in R"''^^. 

Then {Y, N,Yi, - ■ ■ ,Yn,^} forms a moving frame in R^^^ along M". We will use the 
following range of indices in this section: 1 < i,j,k < n. We can write the structure 
equations as following: 

dY = Y,yi^i, 

i 

dN = Y^ AijUiYj + duji^, 

ij i 

dYi = - AijUJjY - UiN + ^ ujijYj + ^ BijUJj(,, 

3 j 3 



^3 



where ujij is the connection form of the Mobius metric g and oJij + Uji = 0. The tensors 

A = X Aijl^i <8) , B = X BijLOi ®U)j, $ = X C'jWi 
ij ij i 

are called the Blaschke tensor, the Mobius second fundamental form and the Mobius 
form of /, respectively. The covariant derivative of Ci, Aij, Bij are defined by 

y ] CijLOj = dCi + CjUjji, 

3 3 

Aij,k^k = dAij + X AikiOkj + X -^kj^kii 

k k k 

Y,Bij,k^k = dBi^ + Y,B. ik^kj + 2. ^kj^ki- 
k k k 

The integrability conditions for the structure equations are given by 

(1) ■^ij,k ~ ^ik,j = BikCj — BijCk, 

(2) Cij — Cj^i = ^ ^^ {BikAkj — BjkAki), 

k 

(3) Bij^k ~ Bik,j = SijCk — SikCj, 

(4) Rijki = BikBji — BiiBjk + SikAji + SjiAik — SuAjk — SjkAu, 

(5) Rij := X ^kjk = - X BikBkj + {trA)dij + (n - 2)Ay , 



i i 

where Rijki denote the curvatTire tensor of g, k = Bdjij is its normalized 

Mobius scalar curvature. We know that all coefficients in the structure equations are 
determined by {5, B} and we have 
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Theorem 2.2. \24\ Two hypersurfaces / : M" ^ and / : M" ^ > 3) 

are Mobius equivalent if and only if there exists a diffeomorphism ip : M" — t- M" which 
preserves the Mobius metric and the Mobius second fundamental form. 

The second covariant derivative of Bij are defined by 

dB^j l^ + ^ ^ B^j l^LOmi ~\~ ^ ^ Bijyi i^LO^j + ^ ^ Bij rfjiLJfjik — ^ ^ B^j j^Yn^m- 
m m m m 

We have the following Ricci identities 

Bij^kl Bij ii^ — ^ ^ BfYij Rmikl ~l~ ^ ^ BiYnRmjkh 
m m 

Coefficients of Mobius invariants and Euclidean invariants are related by 

Bij = p~^{hij — H6ij), 

d = -p-\i{H) + ^{hij - H5ij)ej{\ogp)], 

(7) 

Aij = -p '^[Hessij{\ogp) - ei{\ogp)ej{logp) - Hhij] 
1 

2' 



^p~\\Vlogp\^ + H^)6ij, 



where Hessij and V are the Hessian matrix and the gradient with respect to / = df-df. 
Then 

A = p^Y^ AijOi ®ej, B = p^Y^ BijOi (^Oj, <^ = pY, Ct0i- 

ij ij i 

We call eigenvalues of (Bij) as Mobius principal curvatures of /. Clearly the number 
of distinct Mobius principal curvatures is the same as that of its distinct Euclidean 
principal curvatures. 

Let ki, - ■ ■ ,kn he the principal curvatures of /, and {Ai, • • • , A„} the corresponding 
Mobius principal curvatures, then the curvature sphere of principal curvature ki is 

/1 + |/|2 

= XiY + C = ( 2 ^* ^ ' ^"+1' 2 ~ ' ^"+1' ^'-^ '^"+1 

Note that A:^ = if, and only if, 

<Ci, (1,-1,0,- •• ,0) >=0. 
This means that the curvature sphere of principal curvature ki is a hyperplane in 



9 



3 Examples of Mobius deformable hypersurfaces 



This section describes the construction of Mobius deformable hypersurfaces 
whose highest multiphcity of principal curvatures is n — 2. 

Example 3.1. Let u : — > i?™""*"^ be an immersed hyper surf ace. We define the 
cylinder over u in R^^^ as 

f = (n, id) : L™ X i?"-*^ R^^^ X i?""™ = 

where id : ij"^™ — y Jin—m identity map. 

Proposition 3.2. Let u,u : L"^ — > be a Bonnet pair. Then the cylinders f = 
(n, id) : L^ x — > and f = (n, id) are Mobius deformations to each other. 

Proof. Let rj be the unit normal vector of surface u. Then e„+i = (??, 0) G i?""*"^ is the 
unit normal vector of hypersurface /. The first fundamental form / and the second 
fundamental form // of hypersurface / are given by 

(8) I = 4+/Rn-2, II = ILu, 

where Iu,IIu are the first and second fundamental forms of u, respectively, and Ij^n-i 
denotes the standard metric of Let ki,k2 be principal curvatures of surface u. 

The principal curvatures of hypersurface / are obviously 

A;i,A;2,0,--- ,0. 

The Mobius metric g of hypersurface / is 

(9) 9 = 9^1= - =UbI -K^ (/„ + /^„-2), 

n— 1 \ n— 1/ 

where H^^Ku are the mean curvature of u and Gauss curvature of u, respectively. 
Since u : L^ — > share the same metric lu and mean curvature as u, the cylinder 
/ = (n, id) : L^ x R^^'^ — > R^~^^ share the same factor p and Mobius metric, i.e. 

g = g- 

Note that the correspondence between the Bonnet pair u, u preserves the principal 
curvatures, yet NOT the principal directions. By ([8]) this is also true between /, /. So 
we conclude that / is a non-trivial Mobius deformation to /. This completes the proof 
to Proposition 13.21 □ 
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Example 3.3. Let u : — > 5"^+! c be an immersed hyper surf ace. We 

define the cone over u in R^^^ as 



f(.u,t,y) = {tu,y), 



R 



n+l 



Proposition 3.4. Let u,u : L^ — > be a Bonnet pair in the standard 3-sphere. 
Then the cone hypersurfaces f : L^ x R^ x i?"^'^ — > and f over them are Mobius 

deformations to each other. 

Proof. The first and second fundamental forms of hypersurface / are, respectively, 

L = t^Lu + Ljin-2, LL = t LLu, 

where are understood as before. Let ki,k2 be principal curvatures of 

surface u. The principal curvatures of hypersurface / are 



,0. 



Thus the Mobius metric g of hypersurface / is 



9 = p'^I=^ 



(10) 



2n 



4Hf. 



n — 1 
2n 



{Ku - 1) 



{t^Lu + Ljfn 



n — 1 



{Ku - 1) 



where Hu, LCu are the mean curvature and Gauss curvature of u, respectively, Ljjn-2 is 
the standard hyperbolic of i?"^^ = i?+ x R"~^. Since u : L^ — y share the same 
metric 1^ and mean curvature LLu as u, the cone over u f : L'^ x R^ x R^^^ — > R^^^ 
share the same Mobius metric, i.e. 

9 = 9- 

By the same reason in the proof to Proposition 13.21 we know that their principal 
directions do NOT correspond. So they are genuine deformations to each other. This 
completes the proof to Proposition 13.41 □ 



Example 3.5. Let R^^^ = {(xi,--- ,Xm,Xm+i) G R^^^\xm+i > 0} be the upper 
half-space endowed with the standard hyperbolic metric 



ds' 



^ m 

2 ^dx^t ■ 
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Let u = (xi,--- ,Xm+i) '■ M'^ — > R^'^^ be an immersed hyper surf ace. We define 
rotational hypersurface over u in EP''^^ as 

/ : L"^ X S" 
where (f) : S^~"^ — > R'^-'^+^ is the standard sphere. 

Proposition 3.6. Let u,u : L'^ — > be a Bonnet pair in the hyperbolic 3-space. 
Then the rotational hypersurfaces f = {xi,X2, xscj)) : L^ x S""^ — > R^'^^ and f = 
{xi,X2,X2(f>) are Mobius deformations to each other. 

Proof. Let Rf be the Lorentz space with inner product 

<y,y>= -yl + yl + yl + yh y = (2/1, 2/2,^3,^4) • 

Let = {y e Rj\ < y,y >= — > 0} be the hyperbohc space. Introduce isometry 
T : Rl — > as below: 



t{xi,X2,X3) 



1 ~\~ X-^ ~\~ X'2 ~\~ X^ 1 X-^ X\ X2, 



2X3 2X3 X3 

The inverse : — > Rl is T-^(yi,y2,y3,y4) = (^-, -^)- 

Let 77 be the unit normal vector of surface u in R^. Write = (r/i, 772, Since 77 is 
the unit normal vector, then 

ril + ril + ril _ 

2 

xi 

Thus the unit normal vector of hypersurface / in i?**"*"^ is 

The first fundamental form of u is 

lu = —{dxi ■ dxi + dx2 ■ dx2 + dx^ • dx^). 
X3 

The second fundamental form of u is 

IIu = — < T^{du),T^{dr]) >= —{dxi ■ drji + dx2 ■ dr]2 + dx3 ■ drjs) /„. 

X3 X3 

Now we can write out the first and the second fundamental forms of /: 
I = dx ■ dx = xl{Iu + -f5"-2), II = X3IIU - r]3lu - mls^-'^^ 
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where Is^-'^ is the standard metric of 5" ^. Let ki,k2 be principal curvatures of u. 
Then principal curvatures of hypersurface / are 



X3 xj ' 2:3 xl 



2 ' '2 



Thus 



n 



P 



n — 1 



\II\^-nH') 



2n 
n — 1 



{Ku + 1) 



where Hu, Ku are the mean curvature and Gauss curvature of u, respectively. So the 
Mobius metric of hypersurface / is 



(11) 



9 = p'l 



4.m 



2n 
n — 1 



{Ku + 1] 



{lu + Is"^-^)- 



Since u and u are a pair of Bonnet surfaces, Hu = Hu,Ku = Ku,Iu = la, thus 
/ = (xi,X2,X30) : X — > i?""*"^, the rotational hypersurface over u, is endowed 
with the same Mobius metric g. Similar to previous discussions we know that they are 
NOT congruent. This completes the proof to Proposition 13.61 □ 

Remark 3.7. We note that the Mobius metric g in these three cases ([9|) ([TO]) ([TT]) could 
be unified in a single formula: 



(12) 



9 



2n 



n 



1 



[Ku + c) 



{lu + -^iV"-2(c))- 



Here Hu, Ku, lu 0.1^^ the mean curvature, the Gauss curvature and the first fundamental 
form of the surface u : L'^ ^ N^{—c) in a three dimensional space form of constant 
curvature —c; I^n-2(c) is the Riemannian metric of a (n — 2) — dimensional space form 
of constant curvature c. This will be used in Section 9 to show that any Mobius defor- 
mation to any example in these three propositions arises in this way. In other words, 
the possible deformations are as many as that of the corresponding Bonnet surface. 



4 Hypersurfaces with constant Mobius curvature: defor- 
mations and classification 

As pointed out in the introduction, hypersurfaces with constant Mobius sectional 
curvature form a new class of deformable hypersurfaces. In this section, we list hyper- 
surfaces with constant Mobius curvature, i.e., constant sectional curvature with respect 
to the Mobius metric g, and compute the Mobius invariants. Then we give a new proof 
to the classification of such hypersurfaces using a reduction theorem 15.31 in Section 5. 
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Example 4.1. The cylinder in over 7(5) C is defined by 

f{s,id) = {j{s),id) : I X , 

where id : — > is the identity mapping. 

Remark 4.2. This is exactly Example \3 . 1\ when m = 1. 

The first fundamental form / and the second fundamental form // of hypersurface 
/ are, respectively, 

/ = ds"^ + Iru-i, II = K{s)ds^ , 

where k{s) is the geodesic curvature of 7 C R^, s is the arc-length parameter, and /^n-i 
is the standard Euclidean metric of So we have (hij) = diag(K,0, • • • ,0) , H = 

^ , p = K . Thus the Mobius metric g of hypersurface / is 

g = p^I = K{sf{ds^ + Ir"-^)- 

The Mobius invariants of / under an orthonormal frame (consisting of principal direc- 
tions) can be obtained as below using ([7]): 

Ci = 1 , C2 = • • • = C„ = , 



(13) (Aj) = diag 



n-1 -1 -1 



, Kss 3 (ks)^ 2n — 1 1 

where ai = --^ + --^ + ^, a2 = -- 



^ n n n 
(Aij) = diag(ai,a2, • • • ,02) , 

(i^s? , 1 



^4 ~'~ jj2 



Example 4.3. The cone in over j{s) C 5^(1) C R'^ is defined by 

f{s,t,id) = {tj{s),id) : I xR+ X R""'^ R''+^ , 
where id : R^^^ — > is identity mapping and R'^ = {t\ t > 0}. 

Remark 4.4. This is exactly Example ] 3. 3\ when m = 1. 

The first and second fundamental forms of hypersurface / are 

/ = t^ds^ + /^n-i , // = tK{s)ds^ . 

So we have (/ijj) = diag (f , 0, •••,0) , H = ^ , p = j . Thus the Mobius metric g of 
hypersurface / is 

g = p^I = {fds^ + iRn-i) = K{sf{ds^ + In^r-i) , 

14 



where Ih"-^ is the standard hyperbohc metric of 1). The Mobius invariants 

of / under an orthonormal frame (consisting of principal directions) can be obtained 
similarly: 

Ci = 1 , C2 = ■ ■ ■ = Cn = , 

(14) (B.,) = diagf^, ) , 

\ n n n J 

{Aij) = diag(ai,a2, • • • ,02), 



Kss 3 (ksY 1 2n - 1 1 
where ai = -^ + -^ + ^ + ^^, a2 = -- 



{^sY , 1 , 1 



Example 4.5. The rotational hypersurface in R"^^ over 7(5) C R\_ = {{x,y) G 
-R^l y > 0} C is defined by 

fix, y, 9) = (x, yO): Ix S^-' R^+' , 

where 9 : S""^ — > R^ is the standard immersion of a round sphere, R?^ is regarded as 
the Poincare half plane with the hyperbolic metric ds"^ = ^{dx^ + dy"^). 

Remark 4.6. This is exactly Example \3.5\ when m = 1. 



In the Poincare half plane, denote the covariant differentiation of the hyperbolic 
metric as D. Choose orthonormal frames ei = y-^, 62 = 2/^- It is easy to find 

De^ei = 62 , -Deie2 = -ei , De^ei = De^e2 = . 

For 7(5) = ((x(s),y(s)) C R\ let x' denote derivative dx/ds and so on. Choose 
the unit tangent vector a = |(x'(s)ei + y'{s)e2) and the unit normal vector (3 = 
}j{—y' {s)ei + x'{s)e2)- The geodesic curvature is computed via 

k{s) = {Daa,j5) = 5 \ . 

y y 

After these preparation, we see that the rotational hypersurface /(x, y, 9) = (x, y9) has 
differential df = {x'ds,y'9ds + yd9) and unit normal vector r] = ^{—y',x'9). Thus the 
first and second fundamental forms of hypersurface / are 

I = df ■ df = y'^{ds'^ + /sn-i) , // = —df ■ drj = {yK — x')ds'^ — x'lgn-i , 



where I^n-i is the standard metric of S*" ^(1). Thus principal curvatures are 

and the Mobius metric of 

g = p'^I = K'^{ds'^ + Is«-i). 



• • • , So p = -, and the Mobius metric of / is 
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The coefficients of Mobius invariants are: 

Ci = 1 , C2 = 



(15) 



n 



1 



= Cn = 0, 
-1 -1 



(Bij) = diag 

' n n 
(Ajj) = diag(ai,a2, • • • ,02), 



n 



1 



where ai = - - — j — j + 



2n- 1 



1^2 ~^ ^2 



2 2k? 2n2 

Lemma 4.7. T/ie Mobius metric of those hypersurfaces in Examples J^.^ and 

|^.5p are 0/ i/ie warped-product form 



(16) 



5 = K2(s)(ds2 + /«;!) , 



where is the metric of n — 1 dimensional space form of constant curvature —e. 

This metric (jl6p is of constant sectional curvature c if, and only if, the function k{s) 
satisfies 



' d l 


2 


'l 


2 




+ e 




= —c 


ds K 


K 





(17) 



The proof is an easy exercise and we omit it at here. 

Definition 4.8. We call a curve 7 the curvature-spiral in a 2— dimensional space 
form A^^(e) = R^,S^,H^ (of Gauss curvature e = 0,1,-1 respectively), if its geodesic 
curvature k,(s) is not constant and satisfies (|17p . 

Note that (|17p is equivalent to the harmonic oscillator equation for the function k{s): 

(I/k)" + e/K = 0. 

It is easy to see that for fixed e, c the solution curve is unique (because A^^(e) is a two- 
point homogeneous space). In particular, when e = 0, -/V^(e) = R^, the corresponding 
7 is a circle or a logarithmic spiral, and the cylinder 7 x i?"^^ is called the circular 
cylinder and the spiral cylinder [23], respectively. 

Theorem 4.9 ([13j). Let f : M" — > (n > 3) 6e a hypersurface with constant 

Mobius curvature c. If n = 3 we assume that f has two distinct principal curvatures. 
Then locally f is Mobius equivalent to one of the following examples: 

(i) the circular cylinder (where c = 0) or the spiral cylinder (where c <0); 

(ii) a cone over a curvature- spiral in a 2-sphere (where c <0); 

(Hi) a rotation hypersurface over a curvature- spiral in a hyperbolic 2-plane (the constant 
curvature c could be positive, negative or zero). 
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Proof. Choose an orthonormal frame with respect to g so that {Bij) is diagonal. Ac- 
cording to the remark above, / has two distinct principal curvatures, one of which is 
simple. The assumption of constant curvature for g implies the Ricci curvature Rij = 
for i ^ j- From the integrability equation ([5]) we deduce that (Aij) is also diagonal. 
Thus the second reduction theorem 15.31 in the next section says that the Mobius form 
is closed and / is reducible. Invoking Lemma 14.71 we finish the proof. □ 

Remark 4.10. Clearly hypersurfaces with constant Mobius curvature is conformally 
flat. Equivalently, when the dimension n > 4 there must he a principle curvature of 
multiplicity n — 1 everywhere ( and the hypersurface is the envelop of a one-parameter 
family of {n — 1) dimensional spheres). 

On the other hand, a "i- dimensional hypersurface f : — t- with constant Mobius 
sectional curvature may have three distinct principal curvatures. We have finished a 
classification of such examples which will be published later jl20f . 



Let's see for fixed c how many different (global) examples exist. If e = 0, iV^(e) = R^, 
without loss of generality the solution to (|17p is written as 

(18) K = l/(-v/^s). (logarithmic-spiral) 

When e = 1, iV^(e) = S'^, without loss of generality the solution to (I17p is written as 

(19) K = l/(-v/^sin s). (sin-spiral) 
When e = —1, A^^(e) = H'^{—1), there are three different possibilities: 

(20) K = l/(\/^sinh s), (sinh-spiral) 

(21) K = l/(-v/ccosh s), (cosh-spiral) 

(22) K = e^. (exp-spiral) 

When c > we have a unique example (cosh-spiral). Yet this example is not homoge- 
neous and should not be viewed as Mobius rigid according to Remark 1 1.8[ 

In contrast, for hypersurfaces of Mobius curvature c < we have three non-congruent 
hypersurfacs: the spiral cylinder, the cone hypersurface, and the rotational hypersurface 
over the sinh-spiral. We conclude that either of them (in particular, the spiral cylinder) 
is Mobius deformable. (See Remark 11.71 and 11.81 ) 

When c = 0, according to our theorem, there exist two non-congruent examples: the 
circular cylinder and the rotational hypersurfaces over the exp-spiral as in equation (|22p . 
So either of them is deformable. 
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5 The Reduction Theorem 

In this section we establish a criterion in terms of Mobius invariants for a hypersurface 
to be cyhnders, cones and rotational hypersurfaces (Examples (j3.ip(|3.3p(|3.5p ). This is 
used in the previous and the final section. 

Theorem 5.1 (Reduction Theorem). Let f : M" — > R'^~^^{n > 3) be a hypersur- 
face. We diagonize the Mobius second fundamental form under an orthonormal frame 
{El, E2, • • • , En} with respect to the Mobius metric g: 

Bij =diag{Ai,--- ,Am,/i,--- ,lA- 

Assume: 

(1) Ai, • • • , \m are distinct from fi. 

(2) 2 < m < n — 2. (So the multiplicity of fi is n — m and 2<n — m<n — 2.) 

(3) Bpg^a = 0, Ca = 0, 1 < p, q < m, m + 1 < a < n. 

Then f is Mobius congruent to one of the examples and iS.S]) . 

Proof. Let {Y, N,Yi, ■ ■ ■ ,1^,,^} be a moving frame in R^^^ (see Section 2). hi the 
proof below we adopt the convention on the range of indices as below: 

1 < p,q,r, s,t < m, m + 1 < a, /3, 7 < n, l<i,j,kj<n. 

Without loss of generality we make a new choice of frame vectors such that 

(23) Aai3 = aaSal3 ■ 

Applying dBij + Y,k ^kj^^ki + ^k Bik^kj = ^k Bij,k^k for off-diagonal element Ba/3 
(a 7^ f3) and using the fact Baa = Bj^p = fi, Ba/3 = we get 

(24) Bafi,k = = Bka,p, V a / /3, 1 < k < n. 

The second equality is by the integrability equation. Since n — m > 2, we can always 
choose indices a ^ j3. Then by integrability equation and the assumption Cp = Q one 
has 

(25) Ei3{p) = Baa,l3 = Bai3,a + ^aaCp — Sa/sCa = 0/3 = 0, V/3. 

Here Bap^a = due to (|2l]) . Similarly we have Bpa,q = Bpq^a + ^paCq — SpqCa = Bpq^a 
and Bpa,a = Baa,p — Cp = Ep{fi) — Cp. Together with the assumption Bpq^a = we 
summarize that 

(26) Bpq^a = Bpa,q = 0, Bpa,a = Ep{fJ,) — Cp, V p, q, a. 
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Now with the help of ()24p and (|26p we compute the covariant derivatives of off-diagonal 
components Bpa and find 

(27) cjpa = 5^°'" uja, y p,a. 

Xp- fi 

Differentiating once more we obtain the curvature tensor. Compare the coefficient of 
the component Up A iOg for any given p ^ q We find that 

(This is the only place where we use the assumption m > 2, to guarantee that there 
exist such p ^ q). From the integrability equation @ we get 

(28) Aqa = 0, l<q<m,m + l<a<n. 

Similarly by comparing the component uOp A uJa we observe that Rpapa is independent 
of a (here we use (j26|) ) . Equation (jH) yields Rpapa = Ap// + App + Aaa and 

(29) Aaa = a, y a . 

Next we compute the covariant derivatives of tensor A and C. By the condition 
Cq = and the integrability equation ([1]) Aij^k — ^ikj = BikCj — BijCk, 

(30) Eaia) = EaiA^/s) = App^a = Aap,p = 0, V a / /3. 

As a consequence of (f27l) and dd + Ylik Ck^ki = X^fc Ci^k^k we get that 

(31) EaiCp) = Cp,a = Ca,p = 0, V p, a. 

Let's look at the geometric meaning of these results. From the formula in (j27|) we 
know that distributions 

Di = SpanjE'pIl < p < m}, D2 — Span{Ea\'m + 1 < q < n} 

are integrable. Any integral submanifold of distribution Di is a m-dimensional sub- 
manifold. On the other hand, along any integral submanifold of D2 the hypersurface 
Y is tangent to 

(32) F^fxY + C, 

the principal curvature sphere of multiplicity n — m. Using (p5|) . Ep{^) = Baa,p = 
Bpa,a + Cp and the structure equation it is easy to get that 

(33) EaiF) = 0, Ep{F) = Bpa,aY + (^ - Xp)Yp. 
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Then principal curvature sphere F induces a m-dimensional submanifold in the de- 
Sitter space 5"^^ 

where fibers L are integral submanifolds of distribution Z?2- In other words, F form a 
m-parameter family of n-spheres enveloped by the hypersurface Y. 

The next crucial observation is that F is located in a fixed (m + 2)-dimensional linear 
subspace of i?""*"^. To show that we compute the repeated derivatives of F, which 
contains all information of the envelope Y. Straightforward yet tedious computation 
shows that the frames of 

(34) Vi^Span{F,E^{F),--- ,Em{F),P} 

m „ 

where P ^ A^^Y - N + Y, , + ^^F 

satisfy a linear first order PDE system. Hence these vectors, including F itself, are con- 
tained in a fixed (m+2)-dimensional subspace Vi endowed with degenerate, Lorentzian, 
or positive definite inner product. This agrees with the geometry of cylinders, cones, 
and rotational hypersurfaces (see examples (3.1), (3. 3), (3. 5)), where the principal curva- 
ture sphere F is orthogonal to a (n— m+l)-parameter family of hyperplanes/hyperspheres. 
Moreover, the orthogonal complement Vi~ of dim = n — m + 1 contains all Y^, m + 1 < 
a < n. 

The final fact above inspires us to proceed in an alternative and easier way. Differen- 
tiate any given Ya and modulo components in the subspace Span{Ky, m + 1 < 7 < n}. 
By (I23])(I28D(I27D one finds 

EiiYo,) = -Ao,iY - 5a,iN + ^ J uJo.j{Ei)Yj + B^iS, 
I —T (mod Ky), when i = a ; 



(35) 
where 



(mod Ky), otherwise . 



m „ 

(36) T^A^,,Y + N + y^-^Y,-^,i 

is independent of a by ([26]) (|29]l . Then we assert that the subspace 

(37) V2 = Span{r, y^|m + 1 < 7 < n} 

is parallel along M. According to our previous computation, Ei(Ya) = (mod V2), Va . 
So we need only to consider Ei{T). Fix i and choose a ^ i. (Such a exists by the 
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assumption n — m > 2, which is the third and final time that we use it. Recall that 
this condition has been used to derive ([251) (fSOll . i.e. Ea{n) = = Ea{a).) Rewrite the 
first equality of ([35]) as 



(38) T = -Ea{Y^) + Y,^{---)yT 

By this clever choice of index a we may prove in a unified way that 

Ei{T) = -Ei{E^{Y^)) + Y,^{---)Ei{Y^) (mod K,) 

= -E^{Ei{Y^)) + [E^,Ei]{Y^) + Y,^{--- )Ei{Y^) (mod K,) 

= -E^{Y,p{---)yp)) + [Ea,Ei]{Y^) + Y,^{---)Ei{Y^) (mody^ 

= (mod V2). 

This verifies our previous assertion. More precisely, we have 

(39) Ep{T) = ^P^T, Ea{T) = QY^, y p,a 

Ap — H 



where 



satisfies 



{T,T) = 2Ao,a + f^^ + J2 



52 

pa, a 

^ {Xp - fif 



(40) Ep{Q) = ^^Q, EM = 0. 

Xp- 



One could verify (p9]) directly. But the easy way is using {T,Ya) = and ([35]) to get 
(41) {E,{T),Y^) = -{T,EiiY^))-- 



Q , when i = a ; 
, otherwise . 



This implies Ep{T) \\ T for any 1 < p < m. Then Ep{T) as in (|39p is derived by 
differentiating ([36p and comparing the ^ component with T. The formula for Ep{Q) in 
(|40p follows directly. On the other hand, we know 

{E^{T),T) = ^EM = , 

where we used ([26]) and its consequence [Ep,Ea] G D2 together with ([25]) ([30]) ([3T]) . 
Combined with (|4ip we have Ea{T) = QYa- 

Regarding ([40p as a linear first-order ODE for Q we see that Q = or Q 7^ on the 
connected manifold Af". Thus there are three possibilities for the induced metric on 
the fixed subspace V2 C M"+^. 
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Case 1, Q = on M"; V2 is endowed with a degenerate inner product. 

In this case, {T,T) = 0. By ([39]) . Ep(T) \\ T, so T determines a fixed Hght-like 
direction in M"^^, which we may take to be 

[T] = [1,-1, 0,-- - ,0] eM^+l 

This corresponds to 00, the point at infinity of Choose space-like vectors 

Xm+i,--- SO that V2 = Span{T, • • • We interpret the geometry of 

hypersurface / : — )■ i?"^^ as below: 

1) Any Xa determines a hyperplane in M""*"^ because {T,Xa) = 0; 

2) SpanjXQ, (m + 1 < a < n)} corresponds to a (n-m)-dimensional plane S in 

3) F is a m-parameter family of hyperplanes orthogonal to the fixed plane S. 

/(M), as the envelope of this family of hyperplanes F, is clearly a cylinder over a 
hypersurface M C 

Case 2, Q < on M"; V2 is a Lorentz subspace in M"^^. 

Fix a basis {Pq, Poo, • • • , ^n} of the (n — m + l)-dimensional V2 so that Pq, Pqo 

are light-like. Without loss of generality we may assume 

Po = (1,1,0,--- ,0), Poo = (1,-1, 0,--- ,0). 

Using the stereographic projection a they correspond to the origin O and the point 
at infinity 00 of the flat R"'"'"^, respectively. We interpret F and V2 in terms of the 
geometry of R"^"^: 

1) SpanjXa : m + 2 < a < n} corresponds to a coor dinate plane R"-"-^ C R"+\ 
because Xa must be space- like and orthogonal to Pq^Pqq. 

2) P is a m-parameter family of hyperplanes (passing O and 00) and orthogonal to 
this fixed R"-™-i. 

Based on the fact 1), f{M), the envelope of F, is a cylinder over a (m+l)-dimensional 
hypersurface in R™+^ (the orthogonal complement of the previous R"""^"^); moreover, 
the fact 2) means that f{M) is a cone (with vertex O) over a m-dimensional hypersur- 
face in 

Case 3, Q > on M"; V2 is a space-like subspace. 

Without loss of generality we assume that Poo = (1, —1, 0, • • • , 0) is contained in the 
orthogonal complement of 1^. As before we make the following interpretation: 

1) V2 corresponds to a m-dimensional plane R™ C R""*"^. 
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2) F is a (n — m)-parameter family of hyper-spheres orthogonal to this fixed plane 
R™" with centers locating on it. Thus F envelops a rotational hypersurface f{M) (over 
a hypersurface in half-space M™^^). 

Sum together we complete the proof to the Reduction Theorem. □ 

Remark 5.2. It is noteworthy that we may introduce 

P = QY -T 

which satisfies {P, T) = 0, (P, Y^) = 0, (P, P) = -Q. So PI.V2 and QY = T + P is an 
orthogonal decomposition. Hence a direct proof for case 2 and 3 is to define 

p = , = , {p, p) = -{6, e) = ±i . 

^/\Q\ ^/\Q\ 

Either of them gives a map into the sphere or the hyperbolic space. Then M"" = x 
j^n-m mapped to the lightcone o/M^*"^^ hy 

Y = 6) G M"+3 ^ y± ^ y 

^AQ\ 

as a warped product of these two maps (Q depends only on the component of M"^). 
Clearly such hypersurfaces are cones or rotational hyper surf aces. 

The construction of cylinders, cones and rotational hypersurfaces exists for any index 
1 < m < n — 1. From this viewpoint the condition (2) that 2<n — m<n — 2in our 
Reduction Theorem 15. II is unsatisfying, not only conceptually, but also in that it limits 
the possible application. 

Upon closer examination we find that when m = n — 1 (the Mobius principal curva- 
ture /i is simple) one could not find a satisfying version of the Reduction Theorem. In 
particular it seems unavoidable to assume that Ai, • • • , A„_i (and /i) be distinct (which 
seems to be a quite unnatural condition), so that we can derive 

n— 1 



r=l ~ '^1 

(similar to (f27l) ) and use it to compute Ei{T). (As pointed out before (f38l) in our 
previous proof of Theorem 15. H the condition m < n — 2 has been used several times, 
in particular to show Ei{T) = O(mod V2) before (|39p.) It seems preferable to verify 
whether the subspace Vi or V2 defined in (j34|) (|37|) is invariant or not when the Reduction 
Theorem could not apply directly. 

On the other hand, our Reduction Theorem can be generalized to the case m = 1 
with some modification on the assumptions. 



23 



Theorem 5.3. Let f : M" — R"^^ (n > 3) 6e a hypersurface in [12+1) — dimensional 
Euclidean space with a principal curvature of multiplicity n — 1. Below are equivalent: 

(1) / is Mobius congruent to a cylinder, or a cone, or a rotation hypersurface over 
a curve 7 C -/V^(e)- 

(2) The Mobius form ^ = CjWj of f is closed. 

Proof. Write out ^ = J2i CitOi, the coefficient matrices (Bij) of the Mobius second fun- 
damental form and (Aij) of the Blaschke tensor under any orthonormal basis {Ei, - ■ ■ , En} 
with respect to the Mobius metric g and dual basis {wi, • • • ,uJn}- Notice 

d^ = dCi A LOi + CiduJi = CijUJj A uji 
i i ij 

and the integrability equation ([2]). Then the following are obviously equivalent: 

1) <1> is a closed 1-form; 

2) Cij define a symmetric tensor; 

3) matrices {Bij) and {Aij) commute; 

4) {Bij) and {Aij) can be diagonalized simultaneously. 

Suppose / has a principal curvature of multiplicity n — 1 and $ is closed. Then we 
can choose {Ei, ■ ■ ■ , En} such that 

{Bij) = diag{X,n, - ■ ■ ,fi), (^jj) = diag(ai, a2, • • • 

We are almost in the same context as in the proof of Theorem 15.11 with m = 1 and here 
we still assume l<i,j,k<n;2<a,l3,j<n. In particular (j24p still holds true and 
we have Baj^^a = for any a ^ fi. 

Using ^ we know A = ^^,/^ = ^ identically. Differentiate them. We get 

Bii^a = 0, Va, 

= Ei3{lj) = Baa,l3 = Bal3,a + — ^a/sCa = CjS, Ma / /3. 

This looks like ()25p and we also use (|24p ([3|). But the assumption is different. Anyway 
we find that the condition (3) in the Reduction Theorem 15. II is satisfied. Although here 
m = 1 violates the condition (2), we observe that m > 2 is only used only once in that 
proof to derive ([28]): 

Aqa = 0, 

which is an established fact at here already. Thus the previous proof to Theorem 15.11 
after (|28p is still valid. The same argument shows that / is reducible. 
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Conversely, if / could be reduced to Example (fT3|) . ([H]), or p^ . by the computations 
in the previous section we know that (Bij) and (Aij) can be diagonalized simultaneously, 
thus C is closed. This finishes the proof to Theorem 15.31 □ 



Remark 5.4. In Guo and Lin obtained a classification of hypersurfaces with 

two distinct principal curvatures and closed Mobius form <I>, which included our The- 
orem 15.31 We give an alternative proof here not only to be self-contained, but also 
because this proof looks simpler and unified with the Reduction Theorem \5.1[ 



6 Algebraic characteristics of second fundamental forms 
of deformable hypersurface pairs 

Let /, / : M" — )• K^^^ {n > 4) be two hypersurfaces without umbilics. If they 
induce the same Mobius metric, i.e., g = g, then the Mobius second fundamental forms 
B of /, and B of /, have specific algebraic characteristics. The algebraic result is as 
below: 

Theorem 6.1. Let V be a n-dimensional vector space (n > A), and B,B : V xV ^ R 
be two bilinear symmetric functions. Let {ei,-- - , e„,} be an orthonormal basis of V , 
and write B{ei,ej) = Bij,B{ei,ej) = Bij. Denote 



Bik.Bni — BjiB 



^ijkl =OikOji 



il^jk 



(42) 



~^ fl 2 ^ '] {^ikBjmBml ~l~ ^ jlBimBmk ^ilBjmBjYik ^jkBimBjYil} ■ 



Obviously this defines a tensor S : ^ R associated with B. S and Sij^i are defined 
similarly for B. Assume S = S, i.e. 

Sijki = Sijki, yi<i,j,k,l< n. 

Then either B and B can be diagonalized simultaneously, or there exists an orthonormal 
basis {ei, • • • , e„} of V such that 

( Bii Bi2 ••• \ 



{Bij} = diag{Xi,X2,fi, - ■ ■ ,fi),{Bij} 



B21 B22 
0^ 



\ ■■■ fi J 

where Ai 7^ A2, /i = ±)U. In the last case there exist an eigenvalue of B with multiplicity 
at least n — 2. 
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To prove Theorem 16. H we need the foUowing two lemmas. 

Lemma 6.2. Given n > 4. Assumptions as in Theorem \ 6.1\ except that dim{V) = 
1,3 < I < n. That means we still have the fraction ^^^^ expression (j42p . yet the 

range of those indices is from 1 to I. Then we can find an orthonormal basis of V so 
that {Bij} = diag{Xi, ■■■ ,Xi) and Bij = for some i ^ j (i.e. there is at least one 
off-diagonal element of {Bij} equals to zero). 

Proof. Since B is symmetric, we can always diagonalize it as {Bij} = diag(Ai, • • • , A;) 
with respect to an orthonormal basis of V. If there has been some Bij = with i ^ j at 
the same time, we are done. Otherwise, suppose all the off-diagonal elements of {Bij} 
are non-zero. In this case we make the following 

Assertion: {Ai, • • • , A;} could not be all distinct. 
Hence there must exist two equal eigenvalues Aq, = A/j, which enables us to rotate 
the basis vectors {cajCi^} properly in the plane spanjeQ, e^j} and to obtain a new 
orthonormal basis of V, so that {Bij} is still a diagonal matrix and Ba/3 = 0. This 
completes the proof. 

To prove the assertion above (on condition that Bij / 0, V i / j), we substitute the 
expressions of S, S and {Bij} = diag(Ai, • • • , A/) into the equality 

Salal — Sa2a2 = Salal — Sa2a2, V 3 < a < L 

As the result we obtain 

(43) Baa{Bii - B22) - (-BL - B^a) + ^^^3^ i^lm " B^m) 

m=l 

= (Ai-A2)[A„ + ^-(Ai + A2)], V3<q</. 
n — 2 

In the following let the range of the index a be 3 < a < /. We want to show that the 
left hand side of (P3|) vanishes. First note that {Bij} = diag(Ai, • • • , A^) implies 

Sijik 

when i,j, k are distinct. It follows from the equality Sijik = Sijik that 

1 ^ 

(44) BiiBjk - BijBik H — - ^ BjmBkm = 0, V distinct i,j, k. 
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Hence 
(45) 



Bll Bia _ 

Bi2 n-2 



1 1 ^ 



m=l 



1 



n-2 



Bla ^ B22 Bma -B2m 

B2a B12 ^ B\2 B2a 



Similarly one can find 

B22 B2a 



(46) 



B12 Bla n — 2 Bi2Bia 



1 1 ^ 



m=l 



1 



n-2 



B2a _|_ Bll _|_ Bma ^Im 

-Bla B12 ^ B12 Bla 



Taking (gS]) - dMD yields 



-Bll — B22 Bla _|_ -B2a 



5 



12 



-B2a -Bla 



n-2 



1 ' 



-Bmn. / -B' 



n — 2 ■^^ — ' i3i 2 V -Boa 

m=3 ^ 



ma / ^2rn -Blm 



5 



la 



due to B2mBia — B2aBim = S2ima = 5'2ima = wlien B IS diagonal and m, a > 3. We 
conclude 



-Bll — -B22 B 



la B2a 



B 



12 



-B2a ^la 



for some constant b. It follows that 

1 ' 

-Baa (^11 - -B22) - {Bla " -BD + ^^^^^ X] ^^^l™ ~ -^2m) 

ni=l 

2 2 1 1^22 
= -Baa(-Bll - -B22) - {Bla " B2a) H ^(^11 " -Bi2) H ^ (-Blm " -B2m) 

n — 2 n — 2 ^-^ 

m=3 

1 1 ' 
= Baa ■ bBi2 — b ■ BiaB2a H ^(-Bll + -B22) • 6-B12 H / (b ■ BimB2 

n — 2 n — ). ^-^ 



n-2 



>2m 



m=3 



1 ' 

BaaBl2 — BiaB2a H ^7 / ^ -Blm-B2 

n — 2 



m=l 



by dM]). From (gSD we have 



(47) 



(Ai-A2)[Aa + ^(Ai + A2)] =0. 



So either Ai = A2, or Aa 
when / > 4. 



-^^(Ai + A2)], V 3 < a < L This verifies the assertion 
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The only case unsolved is when / = 3. This time (j47p takes the form 

(Ai - A2)[A3 + ;^(Ai + A2)] = 0. 

Taking permutation of the indices 1,2,3 yields two other similar formulas. Now it is 
easy to prove that Ai,A2,A3 can not be all distinct by contradiction. Hence the proof 
to Lemma [6l2] is finished. □ 



Remark 6.3. Note that in the proof above we used the fact ^ 1 at two places. 
Thus the condition n > 4 is necessary. On the other hand, by the integrability equations 
^ the Weyl conformal tenor associated with the Mobius metric g can be expressed by 
the Mobius invariants as below: 

Cijki = BikBji — BiiBjk T^i^ikSji — SjkSii) 

n{n — 2) 

H ^ ^ '] {^ikBjmBjYil ~l~ ^jlBimB^nk ^ilB jmBmk ^jkBimBml\ 

m 

= Sijkl - ^(^ _ 2) ^^if'^il ~ ^jk^il)- 

It is well known that the Weyl conformal tenor vanishes on three dimensional Rieman- 
nian manifold. Therefore when n = 3, Sijki = \{5ik^ji — ^jk^u) = Sijki is a trivial 
identity. 

Lemma 6.4. Assumptions as in Lemma \6.SX By the conclusion above, without loss of 
generality we may suppose that for a given orthonormal basis of V there are {Bij} = 
diag{Xi, • • • , A;) and Bij = for some i ^ j. Then there exists a properly chosen new 
orthonormal basis ofV, with respect to which {Bij} is still diagonal and 

/ Bu ••• \ 

{Bij} = 

Bi-i^i ■ ■ ■ -Bi-i,i-i 

V • • • Ba J 

is a semi-diagonal matrix. 

Proof. For simplicity denote k = I — 1. Without loss of generality we may assume that 
the off-diagonal element Bi^i = 0. 

First we consider the easy case / = 3. As in we have 

= B11B2Z — -B12-B13 H B2mBm3 = ( ^ — 1 ) B12B13 

n — 2 ^-^ \n — 2 J 

m=l ^ ' 
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because ,623 = as assumed. It follows that either B12 = or B13 = 0, and the 
conclusion is proved. 

In general, when / > 4, for any i<j<k = l — 1 there is 

(48) = Sikji = Sikji = BijBki — BiiBkj = —BuBkj. 

If Bii = for any i < k = I — 1, then all the off-diagonal elements in the l-th column 
and the l-th row vanish, and we are done. Otherwise, suppose Bu ^ without loss 
of generality. Then by (08]), Bjk = 0, V 1 < j < A: = / — 1. Using this result and 
Bik = 0, Bu / 0, we may prove = by (jM]): 

= BiiBki — BikBii H BjkBji = ( — 1 ) Bi^Bu. 

j=i 

So Bj}^ = 0, y j ^ k. That means all the off-diagonal elements in the A:-th column and 
the k-ih. row vanish. Interchanging the basis vectors et and e; gives the desired result. 
The proof to Lemma 16.41 is finished. □ 

Proof to Theorem \6.1\ Prom Lemma 16.21 and Lemma 16.41 and by induction it is easy 
to see that {Bij},{Bij} can be diagonalized simultaneously except that B12 might be 
non-zero. 

Denote {-By} = diag(Ai, • • • , A„) as before. When B12 = it is the first case in the 
conclusion. If -612 7^ yet Ai = A2, one might rotate the basis vectors {ei, 62} properly 
in the plane span{ei, 62} and obtain a new orthonormal basis of V such that {Bij} is 
invariant and B12 = 0, hence we are also done. The final part of the proof is to show 
that when B12 7^ and Ai 7^ A2, {Bij} and {Bij} must have the desired multiplicities 
of their eigenvalues. 

Again by (03]), V 3 < a < n. 



1 " 

BaaBl2 — BalBa2 H ^ / , BimBm2 = B12 



n — 2 



Baa H 7;{Bll + B22) 

n — 2 



Thus Baa = ~:^^{Bii + -B22) = /i for any a > 3. So {Bij} has the desired form. As a 
by-product we find that 

(49) tr{B) = Bu + B22 + {n - 2)^ = 0. 

Taking use of the fact above and the equalities Siaia = Siaia-, S2a2a = S2a2a, we have 

(50) + (A^ + Bl + b!2) = 'Xi'Xa + {Xl + A?) , 

n—2 ' n—2 

(51) i?22/i + ^ (A^ + + BI2) = \2Xa + ^ (A^ + Ai) 
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for any a > 3. Taking ([50|) — ([5T]) yields 

1 



11 



B 



22 



Baa ~l~ 



n 



-(Bu + B. 



22 



(Ai - A2) 



Xa + 



n 



:(Ai+A2) 



1 (Ai + A2) = A for all 



The left hand side vanishes by (|49]) . It follows that Aq = 
a > 3 (keep in mind that Ai 7^ A2 at here) and tr{B) = 0. Finally S'3434 = ^3434 implies 

□ 



fi = fi . This finishes the proof to Theorem 16.1 



7 Hypersurfaces with low multiplicities: rigidity 

Let /, / : M" — )■ i?"+^(n > 4) be two hypersm'faces without umbilics. In this section 
and the following two, the Mobius invariants of / will be denoted by {A,B,C} and 
those of / by {A, B,C}. Because of the local nature of our results, we can assume 
that the multiplicities of all principal curvatures are constant in an open, connected 
subset (which is still denoted by M). Deformable cases will be treated in the next two 
sections. 

Theorem 7.1. Let f,f : M" — i?"+-'^(n > 4) be two hypersurfaces without umbilics. 
Assume that they induce the same Mobius metrics g, and all principal curvatures of B 
have multiplicity less than n — 2 everywhere. Then f is Mobius congruent to f . 

We divide our proof into two parts. The case of dimension n = 4 is different from 
higher dimensional case (n > 5) and need to be discussed separately. Before that we 
make some preparation first. 

The same Mobius metric g for /, / determines the same curvature tensor Rijki- By 
the integrability equations ([5]) , the conclusion of Theorem 16.11 applies to the Mobius 
second fundamental forms B, B. Since the multiplicities of all principal curvatures are 
less than n — 2 at here by assumption. Theorem 16.11 guarantees that locally we can 
choose an orthonormal basis {Ei, • • • , En} with respect to g such that 

{Bij} = diag(Ai, • • • , A„); {Bij} = diag(Ai, • • • , An). 

Now dUdSD imply 

(52) A,A, + ^{Xj + X]) = -\-\^ + ^(A? + A2), V i / j. 

Changing the subscript of ([52]) and taking difference, we get 

1 _ _ _ 1 _ _ 

(53) (Ai-Afc)[AjH ;T(Ai + Afc)] = (Ai-Afc)[AjH ^^(Ai + Afc)], V distinct A:. 

n — 1 n — 2 
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To obtain the rigidity result we need only to show that B = ±5; reverse the direction 
of the normal vector field of / if necessary we will have B = B, which shows that / is 
congruent to / by the fundamental theorem [ 



Proposition 7.2. The conclusion of Theorem\7. 1\ is valid when the dimension n > 5 



Proof. We assert that there is a linear relation between Xj and Xj, i.e. there exists 
constants b, c such that 

Xj = bXj + c, V 1 < J < n. 

In other words, regard pj = {Xj,Xj) as coordinates of n points on a plane, then these 
n points are collinear. 

Without loss of generality assume that Ai / A2. We just show = (A3, A3) is 
collinear with pi = (Ai, Xi),p2 = (A2, A2). (For any other index j / 1, 2, 3 the proof is 
the same.) Now we need to consider two cases separately. 

In the first case, n > 5 and the highest multiplicity of principal curvatures is less 
than n — 3. We can find Aj 7^ A^ which are distinct from {1,2,3}. Fix i,k in (|53p . 
we see that all other {Xj,Xj) (j 7^ i,k) satisfies a non-trivial linear equation (|53p . In 
particular, ^1,^2,^3 are collinear. 

In the second case, Aj might be a constant for any indices i 7^ 1,2,3. (Note that 
Xi 7^ Ai,A2,A3. Otherwise there will be a principal curvature of multiplicity at least 
n — 2, contradiction. Yet A3 might be equal to either of Ai, A2.) Fix i = 1, A; = 5, we 
have Ai 7^ A5 and by ([55]) we know 

P2 = (A2,A2),P3 = (A3, A3),p4(A4, A4) are collinear. 

Similarly we know {^1,^2,^4} and {pi,P3,P4} are collinear triples. This guarantees 
that {pi,P2tP3} (and other Pj's) are collinear and finishes the proof to our assertion. 

Now we know Xj = bXj + c for constants 6, c and for any j. The fact Aj = = 
Xj (the first identity in ([6])) implies c = 0. Using the second identity Ylj ^"j ~ ~ 



n 



Xj in ([6|) we conclude that b = ±1. This completes the proof to Proposition [7i2j □ 



Proposition 7.3. The conclusion of Theorem \ 7. 1\ is valid when dimension n = 4 



Proof. First note that when n = 4 and the highest multiplicity is less than n — 2 
four principal curvatures of / are distinct. Consider 

{Bij} = diag(Ai, A2, A3, A4); {Bij} = diag(Ai, A2, A3, A4). 
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By ([52]) and n = 4 we have 

(54) Xi + Xj = ±{Xi + Xj), i^j. 

We assert that there are four possibihties on each and every point of M: 

(1) B = ±B; 

(2) {B,j} = diag(Ai, As, A3, A4), {^.^ j = diag(±A2, ±Ai, ±A4, iAg); 

(3) {Bij} = diag(Ai, A2, A3, A4), {-Bjj} = diag(±A3, ±A4, ±Ai, ibAs); 

(4) {Bij} = diag(Ai, A2, A3, A4), {Bij} = diag(±A4, iAg, iAa, ±Ai). 

Suppose B / ±B. Consider a special case 

Ai + A2 = (Ai + A2), Ai + A3 = -(Ai + A3), Ai + A4 = -(A2 + A3). 

Taking sum of these three equahties and using the fact Ylj -^j = = Ylj '^^ get 
Ai = A2. Substitute this back and use X]j -^j = = Ylj^j again. We conclude that 
this is case (2). Reversing either of the normal vector fields and taking permutations 
reduce other possibilities to this special case. This verifies our assertion. 

We need to exclude possibility (2) by contradiction. Other cases are similar. This 
time Ai + A2 = automatically implies B = ±B by J2j '^j = = J2j ^j- ^o we need 
only to find contradiction when Ai 7^ ±A2, A3 7^ ibA4 and 

{Bij} = diag(Ai,A2, A3,A4),{i5ij} = diag(±A2, ±Ai, ±A4, zbAs) 

under a locally orthonormal basis {Ei, • • • , £^4} with respect to g. 
Using the covariant derivative of B and B, we get 

(55) (Aj - Xj)LLiij = "^Bij^kLOk, (Xi - Xj)ujij = "^Bij^kOJk, i / j. 

k k 

So 

(56) {Xi - Xj)Bij^k = (Ai - Xj)Bij^k, i / j- 
Consequently, there is 

(57) -Bl2,fc = — -Bl2,fc, -B34,fc = —Bu,k, 
because Ai — A2 = A2 — Ai / 0, A3 — A4 = A4 — A3 7^ 0. It follows that 

(58) Bij,k = Bij k = 0, when i,j,k are distinct. 
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To verify ([58]) . consider the case when i = l,j = 2, k = 3. If i?i2,3 / 0, then i?i3,2 = 
—Bi3^2 / 0. (Note Bij^k = Bikj when i,j,k are distinct by ([3]).) Combined with (f56]) . 
there should be Ai — A3 = A3 — Ai = A4 — A2. Yet this imphes Ai + A2 = under our 
condition Ai + A2 + A3 + A4 = 0, which contradicts the assumption Ai 7^ ±A2- Other 
cases are verified similarly. As a corollary of (j55p and (|58p . 



(59) (Aj — \j)u}ij — Bij^iLOi + Bij jOJj, (Aj — \j)uiij — Bij^iUii + Bijjojj, i ^ j. 

To derive the exact expressions of the connection forms uJij, we shall compute out all 
the quantities like Baj in terms of A^'s and C^'s. By the symmetry in our situation, 
obviously there is -633,1 = -644,1,-644,1 = -633,1. Together with (f^H|) and ([3]), it follows 

(A3 — Ai)(.633,i — Ci) = (A3 — Ai)i?3i,3 = (A3 — Ai).63i,3 = (A3 — Ai)(i?33,i — Ci). 

So we get 

^g^^ (A4 — A2)(-633,i — Ci) = (A3 — Ai)(-644,i — Ci), 

(A3 — A2)(-644,i — Ci) = (A4 — Ai)(-633,i — Ci). 

The second equation is obtained in the similar way. 
On the other hand, ([FT]) tells us that 

-622,1 — Ci = -612,2 = —-612,2 = -622,1 — Ci = -611,1 — Ci- 
Thus -611,1 + ^22,1 = Ci + (7i. Note that Z^ = E^ B^^ = and Z^ Bl = ^ imply 

4 4 

(61) J]5ii,fc = 0, J^AiAi,fc = 0, V/c. 

i=l i=l 

In particular, 

(62) -633,1 + -644,1 = —(-611,1 + -622,1) = —Ci — Ci. 

Eliminating -633,1,-644,1 from ([62]) ([60]) (keep in mind Yli^i — 0) yields A2C1 = AiCi. 
Because Ai, A2 could not be zero at the same time (Ai 7^ ±A2), we may denote 

In case that Ai = 7^ A2, there must be Ci = 0, and we need only to take Ai = ^ 
which is well-defined. 
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Putting dMl) into ([60]) ([Ml) solves 533,1,-644,1. Then by we get the complete 
solution: 

-611,1 = ^ — — ~ -^ii -633,1 = A3A1, 

(64) 

-622,1 = ^ / ^ ■ ^^1; -644,1 = A4A1. 



A2A3 + A2A4 




A4 


Ai- 


A2 




A1A3 + A1A4 




X2 
A4 


A2- 


Al 




A2A3 + A2A4 


- ^3 - 


\2 
A4 


Ai- 


A2 




A1A3 + A1A4 


3^2 
- ^3 - 


\2 
A4 



Similarly there are: 

-611,2 = ^ / , ^^2, -633 2 = A3A2, 



-622,2 — ^ ^ ^2, -644,1 — A4A2, 

A2 — Al 



(65) 



where 



R _ \ A R _ A4A1 + A4A2 - Af - A^ 

-Dll,3 — A1A3, i333,3 — A3, 



-622,3 — A2A3, -644,3 — ^ ^ ^3) 

A4 — A3 

R _ \ A R _ A4A1 + A4A2 - Af - A| 

-Dll,4 — A1A4, .033,4 — A4, 

A3 — A4 

R _\A R _ A3A1 + A3A2 - Af - A| 
-D22,4 — A2A4, i344,4 — A4, 



^ _ ^ Cs^ _ Cs^ ^ C4 _ C4 

A2 Al ' A3 A4 ' A4 A3 



Now the connection forms uJij could be determined. Since Ai — A2 7^ 0, by ([59]) ([3|) 
and Ci = AiAi, C72 = A2A2, = 0, we get 

-611,2 — C2 -622,1 — Ci T / \ A \ T 2A1A2 + a| + a| 

W12 = — ;^ r OJi H UJ2 = /i2(A2t^l - Aia;2), /12 := tt r^^2 • 

Al — A2 Al — A2 {Al — A2j 

Similarly, there is 

T (\ A \ T 2A3A4 + A^ + A2 

W34 = i34(A4W3 — A3l^4j, J34 := tt —tk . 

(A3 - A4)^ 

Other connection forms are found in the same way, yet much easier: 

^13 = A3u;i - Aia;3, u;24 = A4a;2 - A2a;4, 
a;i4 = A4a;i - Aia;4, a;23 = A3a;2 - A2u;3- 

Finally, by the formula dwij — oou A ijjji = —\Rijki ttis sectional curvatures 
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are computed out: 

^i?1313 = -^^l(Ai) - ^3(A3) + A? + Ai + h2^l + /34AI, 
\R2A2A = -^2(A2) - ^4(A4) + A^ + + /laA? + /34Ai, 

ii?i4i4 = -^i(Ai) - E4(A4) + A? + Al + IiaAi + /34Ai, 

^^^2323 = -^2(A2) - ^3(A3) + A^ + Ai + I12A? + /34Ai 

Here Ei(Aj) is understood as the action of tangent vector Ei on the function Aj, and 
A^ is the square of Aj. As a corollary, 

-R1313 + -^2424 — -R1414 — -R2323 = 0. 

But on the other hand, (jl]) implies Rijij = XiXj + An + Ajj when i / j. Substitute this 
into the final result above, we find 

-R1313 + -^2424 — -R1414 — -R2323 = (Al — A2)(A3 — A4) = 0. 

This contradicts our assumption Ai 7^ ibA2,A3 7^ ibA4. Thus we have proved that 
the possibilities other than B = ±13 could not happen. This completes the proof to 
Proposition 17.31 □ 



8 Deformable hypersurfaces with one principal curvature 
of multiplicity n — 1 

In this section and the next one we make use of the following convention on the range 
of indices: 

^^i,j,k<n; 3<a,/3,7<n. 

Proposition 8.1. Let f,f : — ;> R^^^{n > 4) be two hypersurfaces without umbil- 
ics. Suppose that their Mobius metrics are equal, and one principal curvature of B has 
multiplicity n — 1 everywhere (this means that (M'^,g) is conformally flat). Then either 
f{M^) is Mobius congruent to f{M'^), or f{M'^) has constant Mobius curvature. 

Proof. Since one of principal curvatures of B has multiplicity n — 1 everywhere, from 
the algebraic Theorem 16. locally we can choose an orthonormal basis 
with respect to g such that 

,fL),{Bij] = diag(A,^, ••• . 



{5,,} = diag( I 
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where A / From ([6]) we have A + (n — 1)^ = and A + (n — = So 

'n-1 -1 -1^ 



{Sij} = diag 



n n n 



Since // = it/i, up to change of the normal direction we may assume // = // = 
Apply formula ([6]) to Bij. We know that the sub-matrices 

(Bn Bu\ 0\ 

have equal traces and equal norms, and B, B share equal eigenvalues. At any point of 

there exists a suitable P = i ) G SO{2) such that 

\— sin6' cos 9 J 

'Bu Bi2\ ^-^(^ fcosH-^ cos0sin0\ 



(66) ( ) = p-M : . ) p 

^21 -D22 



Soi ^22/ \ ^ \cos6'sin6l sin^ ^ ^ 



n / \ n/ 



We summarize some intermediate results as 

Lemma 8.2. For hypersurface f, the coefficients of tensor B,VB,C under the or- 
thonormal basis {Ei, ■ ■ ■ ,En} satisfy 

Bijj = —Ci,j > 1; otherwise, Bij I: = 0. 

Cfc = 0,A; > 1; ujij = -CiujjJ > 1. 

Run — Ci_i + Cf = 0,j > 1; Ruji — Cij = 0,j > 1. 

where {wi, • • • , are the dual basis, and {uJij} are its connection forms. 

Proof. From dBij + Bf^jUj^i + Bn^u^j = Pij,k^k and ([3]) we get the first four 
equalities. From duju — oJik A ojki = — | X^^; RukiUJk A and invoking the proved 
equalities we get the equalities on the curvature tensor. □ 

In order to prove Proposition ()8.ip We have to consider the following two cases: 
Case I, Bi2 = 0; 
Case II, Bi2 / 0. 

First we consider Case I. Since B12 = — cos^sin^ = 0, so sin0 = or cos 9 = 0. 
If sin9 = 0, then B = B, thus / is Mobius congruent to /. Next we assume that 
cos 9 = 0. From ([9]) we get 

(Bij) = diag(^. A, /i, • • • ,/i) = diag( — — ,— 



nun n 
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For hypersurface / : — t- S"""*"^, since g = g, we may use the same dual basis {wj} 
with the same connection forms. Similar to Lemma 18.21 we get 

B2i,i 
Uij = 

C2U)i- Therefore, Ci 



— C2; otherwise i?ij,fc = 0; 



Compared with Lemma 18.21 we see —C1U2 = uji2 = —0021 
C2 = 0, and the Mobius forms of both / and / vanish: 

C = 0,C = 0. 

Thus both / and / are Mobius isoparametric hypersurfaces with two distinct principal 
curvatures. Since oju = uj2i = and -R1212 = 0, from [19], / and / are Mobius equivalent 
to the circular cylinder ^^(l) x i?"^^ c i?"^^, hence congruent to each other. This 
completes the proof to Proposition 18.11 for Case L (In particular this is not a Mobius 
deformable case.) 

Next we consider Case II, B12 = — sin cos 7^ 0. 
Since Bij = -^Sij, 2 < i,j < n, Ba/s = -^Sai3, We can rechoose {E2, • • • , E^} such that 



( All A12 ^13 
A21 a2 
^31 03 



V Anl 







Aln \ 




On / 



1 {Aij ) 



/ All 


A12 


AlZ 


Au ■ 


• Mn 


A21 


A22 


^23 


Ma ■ 


■ A2n 


A^i 


^32 


03 


• 





Ml 


Aa2 





04 





\ Anl 


An2 





• 


an 



Noting that Lemma W?2\ holds under this basis, using Rim — Ci^i + = and (jH we 
get that 

02 = 03 = • • • = a„ , 03 = • • • = a„ . 
In formula ([ID, Let i = 2,k = a^j = l = l and i = k = a, k = I = /3 we get that 



Aa2 = A2a = 0, 02 = tts 



an = as 



Thus we have 
(67) 



(Ai 



All 


A12 


^13 • 


• Aln 


A21 


0.2 


• 





A31 





a2 ■ 





Anl 





• 


a2 



CM 



( All A12 A 
A21 A22 
^31 a2 



13 



V A 



nl 



lln 






0.2 j 
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Since Bia = 0, i?2a = 0, -Bq,^ = -^Sa/i, we do covariant differentiation to find 

{Bii H )u}ia + Bi2UJ2a = kBla k^^k] 

^^^^ Bl2(^la + {B22 + -)(^2a = kB2a,k^k; 

Bai3,k = 0, ya,l3,k. 
Using Ep{Baa) = Baa,i3, © and (f68|) . we get that 

(69) Ca = 0, Bia^a = -Cl,B2a,a = -C2,Bia^i3 = B2a,l3 = 0, a / /?. 

Tlius from (EI) and ( 1681) we have 
(70) 



cos 9uJia + sin 6 cos 6*^^20 = ^1q,1^1 + Bia^2(^2 + Bia^a^a', 
sin 6 cos 90Jia + Sin^ 90J2a = B2aA^l + B2a,2^2 + B2a,a^a- 



Using Ep{Bii) = Bu^a, ^11 + ^22 - ^ = and ([70]) we derive 
(71) 



Bia,i = B2a,2 = Bia,2 = 0, sin 6'Ci = cos6'C2, 
cos2 9Ci - Ci 



W2o 



-UJry. 



COS a sm ( 



Using dB2a,2 + T.k^ka,2^^k2 + Y^k ^•2k,2^^ka + Efc ^2a,fcWfc2 = T.k ^2a,2k(^k and 

(|7T]). we get 

-820,21 = 0. 

Similarly we can get -620,12 = 0. Using Ricci identity ^20,21 - -B2a,i2 = Ylk BkaRk22i + 
J2k B2kRka2i and Riai2 = A2a = Ma = we get i?2a2i = 0. By (gD this imphes 



{Aij) = diag( 
From (El) we have 



An An 
A21 a2 



-Ala — Ala — 0, 

,02,- •• ,02), {Aij} = diag( 



All A12 

A21 A22 



,02, • • • 



.02)- 



Bii + 5; 



n - 2 



22 



-, Bii + B22 + 2i? 



- 2n + 2 



12 



n 

Using the above identity and Ek{Bij) + BijUJii{Ek) + Buuij^Ek) = Bij^k, we get 

^11,1 + -622,1 = 0, i?ii,2 + -622,2 = 0, 
-611-611,1 + -622-622,1 + 2i?i2i?i2,i = 0, 

-611-611 2 + -622-622,2 + 2-6i2-6l2,2 = 0. 
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From the above equation, ([6|), B112 = -812,1 + C2, and ^22,1 = -812,2 + Ci, we derive 
Bu 2 = 2 cos 9 sin 6Ci,B22 1 = 2 cos 6 sin 9C2, 



(72) 



Bi2,i = (cos^ - sin^ e)C2, Si2,2 = (sin^ ^ - cos^ 9)C_ 



Since ^i(5i2) = £;i(cos 6^ sin6l) = (cos^ 6* - sin^ 6l)£;i(6l) and Ei{Bi2) = ^12,1, from ([72 
we get Ei{9) = C2- Similarly we have E2{9) = Ci — Ci, thus we have 

(73) E^{9) = C2,E2{9) = Ci- Ci,E^{9) = 0. 

Combining Lemma 5.4 and (|71|) we have 

duji = 0, duj2 = —CiUJi A UJ2-, 

cos^9Ci-Ci 

duJa = CiUJi A H ^ ■ „ a;2 A + > tJ/j A w^q,. 

cos sm ^-^ 

Therefore we have 

[Ei,E2] = Ci£^2- 

Using dCi + C'2a;2i = Y^k Ci,k^^k and dCi + C'2f:<^2i = Y^k we have 

, , -E'i(Ci) = Ci 1, £^2(^1) = Ci 2 — C1C2, 

(74) _ _ _ _ 

-E'l(C2) = C2,l, £^2(^2) = 6*2,2 + CiCi. 

Using [Ei,E2]{9) = CiE2{9), ([73]) and ([ZID we get that 



(75) Ci,i + C2,2 = Ci,i -Ct = R 



lala ■ 



Combining sin^Ci = cos 06*2, (j73|) and (f7¥|) . we obtain that 

Ci,2 = —. — 7r(C'i + (?! + (52,2), 6*2,1 = — — 77(61 + 62 + C'l.i) 
sm cos 9 

From above formula and ([3]), we have 



(7(\) R _ cos^ g - sin^ g ^2 I ^2n , cosg^ sin^ 

sm COS 9 sm cos 9 



Compute the covariant differentiation of -BiQ.,a, -Biq,i. By (j69p and the Ricci identity, 



sin 6* „ sin^ 9 — cos^ 9 ^ ^ O 



2,2 



(77) -Rla2Q H ^^2a2a H T^-T 5-7-6162- 

cos 6' sm 9 cos^ o* cos sm 9 

Similarly using Ricci identity B2a,2a - B2a,a2 = E/t BkaRk22a + J2k B2kRka2a we get 

,1 



cos 9 cos^ 9 — sin^ 9 - - 6i 



(78) Rla2a H — : — T^Rlala H r^TT, TTT^^^'^ ~ TT^ — ; 

sm 9 sm 9 cos^ p cos 9 sm ( 
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Sum ([77]) and dH]). Using ([75]) we get that 

Sill 

(79) 2i?ia2a H ^{R2a2a — Rlala) = 0. 

COS y 

Note that sinSC*! = COS6C2, combining ([75]) . ([77|) and (f75|) . we obtain that 

(80) 2i2ia2a : — i:{R2oi2a — Rlala) = 0. 

sm 

From dZS]) and dSni), we get that 

(81) Rlala — R2a2a = 0, Rla2a = 0. 

Therefore from ^ we get -R2a2a = Rapap- Hence i^jjA:/ = R2a2a{SikSji - 5ii6ij). By 
Schur's theorem {M'^,g) is of constant curvature. This completes the proof. □ 



9 Deformable hypersurfaces with one principal curvature 
of multiplicity n — 2 

This section is devoted to the proof of the following 

Proposition 9.1. Let f,f : M" — > R"-^^ (n > 4) be two hypersurfaces without 
umbilics. Suppose their Mobius metrics are equal, and one of principal curvatures of B 
has multiplicities n — 2 everywhere. Assume that f{M'^) is NOT Mobius congruent to 
f{M'^). Then it must be either of the following three cases: 

(1) f{M'^) is congruent to part of x i?"^^ and f{M^) is congruent to part of 
X where and are a pair of isometric Bonnet surface in B? . 

(2) f{M^) is congruent to part of CL? x i?"^^ where CL? C B'^ is a cone over 
C 5^, and f{M^) is congruent to part of CLP' x i?"^^. and form a Bonnet 

pair m 

(3) f{M^) is a rotation hypersurfaces over C and f{M'^) is a rotation 
hypersurfaces over IP' C R\, where Lp and Lp form a Bonnet pair in hyperbolic half- 
space r\. 

Recall that we have adopted the following convention on the range of indices as the 
last section: 

^^i,j,k^n; 3<a,/3,7<n. 

Since one of principal curvatures of B has multiplicity (n — 2) everywhere, by Theorem 
16.11 we can assume without loss of generality that there exists a local orthonormal basis 
{El, • ■ ■ , En} for {M^,g) which is shared by /, /, such that 

(82) {Sij} = diag(Ai,A2,^, ••• , ^); {-Bij} = diag(^ 



fill B12 
B21 B22 



,l^,--- ,1^ 
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where Ai / A2 / By the identities ^ we know that the sub-matrices 

^OAa) and (l^ll^^ 

have equal traces and equal norms. Hence i?, B share the same eigenvalues. Therefore, 
the highest multiplicity of principal curvatures of / is also n — 2. Denote = 
Ai, B22 = A2. 

We assert that Ai 7^ A2 and Ai 7^ Ai on an open dense subset of M. Otherwise, 
suppose Ai = A2 on an open subset. Then the 2 by 2 sub-matrices share the same 
eigenvalues Ai = A2, hence both be scalar matrix diag(Ai,Ai). We get B = B on 
an open subset. So these two hypersurfaces are Mobius equivalent. Contradiction. If 
Ai = Ai on an open subset we will get a similar contradiction. 

From now on, without loss of generality we assume that on 

(83) Ai / A2 / /i, Ai / A2, Ai / Ai. 
By ([6]) they satisfy 

Ai A2 + (n - 2)fi = Ai + A2 + (n - 2)^ = 0, 

(84) n - 1 
Xl + Xl + {n- 2)i? = \l + \l + 2BI2 + {n- 2)fi^ - 



n 



Choose the dual basis {wj} with connection forms ujij satisfying doji = Ylk^ik ^ 
Wfc, u}ij = -ujji. It follows from dBij + Ylk Bkj^ki + Ylk ^ik^kj = Efc Bij^k^k that 



(85) 



= = i?lQ,/3 = B2a,l3, Oi ^ (3; 

(Ai — fJ.)uJia = Bia^liOi + -Bla,2<^2 + -Biq.qWq,; 
(A2 — /i)w2Q = -620,1^1 -I- B2a,2^2 + B2a,a^^a] 
(Ai — A2)f^l2 = ^ kBl2,k^k- 

Using dBij + BkjUJki + X]fc BikUJkj = Y^^ Bij,k^^k in a similar way we obtain 

= Bai3,i = Bia^i3 = B2a,l3, " / 

(Ai — /i)f^lo + Bi2UJ2a = Bia,lUJl + -610,2^2 + Bia,a^a', 
(86) _ _ _ _ _ 

(A2 — fJ')^2a + Bi2UJia = B2a,l^l + B2cx,2^2 + B2a,a^a', 

dBi2 + (Ai - A2)f^l2 = ^ kBl2,k^k- 
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Comparing (j85]) with ([86]) yields 

- _ Ai - ^ , p . _ A2 - p , -^12 p 

-D1q:,1 — -; -D1q,1 + -; -D2q,1, -D2a,l — T -D2q, 1 + -DIq, i , 

A2 - A2 - /i Ai - /i 

(87) -Biq, 2 = "T^ —Bia,2 + -; — ^^-820, 2; -620 2 = -r^ —B2a,2 + T — ^^-Biq, 2; 

A2 - /X A2 - /i Ai - 

• -i r- -^12 ~ A2 — /i -^12 

-Biq, a = T Bia a + T B2a,a', B2a,a = T B2a,a + T Bi^ a- 

^ ■■ A2 — fl A2 — M — fJ- 



Ai 




Ai 


- A* 


Ai 




Ai 


-/^ 


Ai 


-/^ 



Another corohary of (l86l),(I8ll) and Q is 

(88) Baa,l3 = CjS = Cj3 = Baa,l3 = Bpp^j^ = , \/ fi. 

Taking the covariant derivatives for the identities (j84|) and invoking (|88|) . we have 

, , ^ii,Q + -822,0 = (2 — n)CQ,, Alalia + A2i?22,a = (2 — n)/iCo; 
(89) 

-Bll,Q + -622,0 = (2 — ?T-)Ca, Ai-Bii,a + A2-B22,« = (2 - n)flCa - 2-Bi2-Bl2,a- 

The two equations in the first line have solution 

(90) Bn,a = - ^)Ca, i522,a = ^^(2 - n)C^. 

A2 — Ai A2 — Ai 

Take the sum of the first and the fourth equations in (|87p and insert (j90p into it. 
By ([3]), the first equation in (189]) . and the identities ([8^ . the result is as below after 
simplification: 

n — 1 - 

(91) (Ai - X2)l^Bi2Bi2,a = (Al - Xl)Ca. 

n 

On the other hand, take the difference between the second and the third equations in 
([87|) . After simplification as before we get 



— 71 — 1 — 

(92) (Al - Ai)(Ai - A2)/i5l2,a = BuCa- 

n 

It follows from (HH)® that 

(93) Ca = Ca = Q, V Q. 

Otherwise there will be -B^g « ~ ~(Ai — Ai)^ which is impossible. As a corollary of 
and ([93]), 



(94) Bii^a = B22,a = Bpp^a = Bpp^a = -Bi^^l = i?2a,2 = 0, V a, /3. 



We emphasize that (I92|)(j83|) and Ca = implies /i • -612,0 = 0. Now we divide the proof 
into two cases. 
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Case I, -Bi2,a = 0, for all a. 
Case II, -Bi2,a 7^ 0, for some a. 

First we consider Case I. Since Ca = 0, i?i2,a = 0, from the Reduction Theorem 15.11 
we know that / is Mobius equivalent to a hypersurface given by Example p.ip . (j3.3p or 
p.Sp when Q = 0,Q < or Q > 0, respectively. 

We define ujij = X^fer^^aifc. From (j85|) and the definition of Q in the proof of 
Theorem 15.11 we get that 

Q = 2^,, + /.2 + (rij2 + (r2j2_ 

On the other hand, Rapap = /^^ + 2^aQ, = + 2Aaa, so Aaa = -Aaa- Therefore 

Q = Q, 

and /, / are congruent to two cylinders, or two cones, or two rotational hypersurfaces 
over some surfaces in a 3-dimensional space form. According to Remark 13.71 and ()12p . 
in either case they share the same metric 

2n 



9 



AHl-^{Ku + c) 
n — 1 



{lu + /Arn-2(c)). 



So they must share the same surface metric hence the same surface curvature K^, 
hence also the same mean curvature. Therefore they come from a Bonnet pair in the 
corresponding 3-space. This finishes our proof of Proposition 19.11 in Case I. 

Next we consider Case II where -Bi2,a 7^ for some a. We have the following results. 

Proposition 9.2. Let f,f : M" — ^ R^'^^ {n > 4) be two hypersurfaces without 
umbilics. Suppose their Mobius metrics are equal, and one of principal curvatures of B 
has multiplicities n — 2 everywhere. We can assume that there exists a local orthonormal 
basis {El, • • • , En} for {M"',g) which is shared by f, f, such that 



{Bij} = diag{Xi,X2,fJ., - ■ ■ ,fJ-);{Bij} = diag 



Bii B12 

B21 B22 



,l^r-- ,M 



where Ai ^ fi,X2 ^ /i. // -612,0 7^ 0, for some a. Then there exist an diffeomorphism 
ip : — > M" and a Mobius transformation $ such that <I) o / = / o ^ : M" —?■ R^^^ . 
Moreover, f is Mobius equivalent to the minimal hypersurface defined by 

on 



where 

Xi = 

yo yo 



XI = -,x2 = -,yo e R+,yi £ R\y2 G i?""'. 
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Here yi : — )• S'^{\J^^) ^ is Cartan's minimal isoparametric hypersurface 
in S'^{^J^^) with three principal curvatures, and {yo,y2) '■ ^ -^i 



'"-2 is 



the standard embedding of the hyperbolic space of sectional curvature into the 



(n — 2) -dimensional Lorentz space with —y^ + 2/2 — n-i ■ 
Proof. Since B^p = B^jB = 0, We can assume that 
(95) ^12,3/0, Bi2,a = 0,a/3. 

From (1891) we have 



6n 

2 I „,2 _ 6n 



— C2 Ci -B123 

i?12 3 Cl -^12 3 C2 

(96) Wis = — r^^^2 - T-^^3, ^23 = — r^W2 - -— ws; 

Ai Ai A2 A2 

-Cl -C2 

OJla = Wcj, W2o — — ^ LOa,OL > 6. 

Ai A2 

Since C„ = 0, using dQ + J2m Cm^mi = J2m Ci,m^^m and ([96]), we get 
(97) 

Differentiating the equations ()96p . we get 



(72 _ (^2 
Ai 

C| - Cl ^ -^12,3^2 ^ -^12,3(^1 n ^ ^ Q 

<-^3,3 — ^ 5 (--3,1 — ^ ) <--3,2 — ^ ,^3,a — U, a > rf. 

Ai A2 Ai 



-Y Rl2kl^k A tJz = — '^[C2,m^m A tJi + Ci^rn^rn A W2] " 3 CJi A 

(98) kl ^ m 1 

„-^12,3n . , „-Bl2,3C2 d-Bl2,3 . 

+ [ o\2 + 2— Ta-l'^i ^ ^2 + 3 2 ^2 A + ^71— A W3. 



-TT Rim^k f\^l = ■^dBi2,3 A ^2 - T- Ci^rni^rn A UJ3 - 2 ^1 ^ ^2 

z -7-^ Ai Ai — Ai 

(99) 

r'2 I r'2 r2 

+ O2 -Dl2,3 



2A^ 

R2'iki^k Au)i = -^dBi2^3 '^i ~ T~ C'2,ma;m A W3 + 2 

^ ■^T '^l -^2 — 



-812,3^2 

wi A a;2 



(100) 

,Cf + Cl B^ 



r-l , -12,3l . 

+ [^^^2 ^]6^2 Al^3- 
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(101) 



— Hiakl'^k A = — Gi^mWm A H i^l A Lda 



kl m 



-612,3(^2 . B123 

-UJ3 AUa r^W2 A COSa- 



(102) 



— R2akll^k ^1^1 = -T— C'2,mWm A (Uq H 3— — ^a;2 A LHa 

kl m ^ 

To — ^3 A H — iO\ A Wsq. 

Af Ai 



Comparing the coefficients of A Wq, on both sides of ([99]) . and using ^ we obtain 

(103) Ai« = 0, = 0, Ea{Bi2,3) =0, Q > 3. 

Similarly from (l96l) . pOT]) . (fTOT]l and (fT02]l . we have 
^2a = 0, = 0,a,/3 > 3,Q / /3; 

W3a(^l) = 0, UJ3a{E2) = 0, UJSaiEs) = 0, ^J3a(^/3) = 0, O, /3 > 3, « / /3; 



(104) 



Xi ' Ai Xf ' A2~ 

?2 ^2 , ^2 ^ d2 



-RiqIq — 72 ^ R2a2a — ^2 1 T^i a > 3; 



D -^12,3 C^l + , n -^12,3 Cl + C2 , ^^2,2 

-K1313 — —To 75 r ~^ — ,-n:2323 = —To To r ~^ — ! 

Af Af Ai Af Af A2 

J-, C*!,! — 6*2,2 0^^12,3 + cl 

-Ki2l2 — ^- 



2Ai Af 2Af 

-E2(-Bi2,3) = X1A13 — 2 ""^^'^ ^ , £'1(^12,3) = A2A23 + 2 ^^'^ ; 

Ai Ai 

(105) = ^ + ^^3a(i?.), A12 = =^ - ^U^aiE^y, 

Ai Ai Ai Ai 

^12 = — + -^-^3(^12,3), ^12 = — ^ + -^-£"3 (-812,3)- 
Ai Ai Ai Ai 

From (fTOSl) . (fT00|) and (fTOTD . we have 

(106) ^3(^12,3) = 5i2,3a;3a(^a). 
Define (p := cosaiEa) = From ([MI), we have 

(107) = (/)a;Q,. 
Differentiating the equations (jl07p . we get 

— R-iakl^^k A UJl = d(j) A UJa - -T-CpU)! A UJa - -^0^2 A UJa + <P^^^3 A UJa 

(108) 

-612,3^^1 „ , C'f + ^ -Bi2,3C2 
"2 UJ2 A Wo H 72 "^3 A — A 0;^ 

A^ A^ A^ 
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Comparing the coefficients of coi AcJq and UJ2 Auia on both sides of (jlOSp . and using (jj]) 
we obtain 

(109) - A, = E,{<^) -A,, = EM) 

Ai A2 \ 

Using dAij + J2ni ^mjUJmi + J2m ^im^^mj = J2jn ^ij,mUJm and ([Ml), we obtain 

Ci c 

Ala,a = {Aaa " ^ll)"^ + + AuUJ3a{Ea), Ai^^k = 0,k ^ a; 

Ai Ai 

c c 

(110) A2„,a = (^22 - -4„a)- ^12-;- + A23UJ3a{Ea), A2a,k = 0, A; / a; 

Ai Ai 

Ci c 

>l3a,Q = (^33 - Aaa)^3a{Ea) - ^13T- + ^23"^, ^3«,fe =0,k^ a. 

Ai Ai 

On the other hands, from (llOOp we have 

^33 - Aaa = -2 i « > 
^1 

Noting that Ea{Bi2;i) = and ^33^0, = vIsq-^s = 0, we get 

(111) ^a(^aa) = Eo,{App) = 0, a / /3, a, /3 > 3. 
Combining ([Ml), (flOOD . (fT08D. (fTT0|l and (fTTT]) . we get 

Ci Ci 1 CiC'2 

= (^aa,l " ^11,i)t 1" (^11 " ^«a)[-r2" T^] + ^12 .2 

Al \i Ai A]^ 

(112) + ^12,1^ + ^i2C2,i + ^13,0 - Al, + - aJ^'^'"^- 



Al ' ' Al Al 

C\ C2 

Ala,la = (2^aa,l " ^11, l)"^ + ^12,2"^ + ^13,1</'- 

Al Al 

Combining P04|) . (|112|) and Ricci identity ^la.la-^la.al = Y.m AmaRmlla+Y.m AlmRmala, 

we obtain 

(113) Ai3 = 0. 

similarly using Ricci identity ^2a,2a - ^2a,a2 = J2m '^rnaRm22a + Y.m^'imRma2a, WC 

have 

(114) ^23 = 0. 

Using (|113!) . (|114p and dAij + AmjUJmi + Zlm Aim^^mj = Em Aij^m^^m and dMl), we 
obtain 

(115) ^13,2 = (^11 - ^33)^, Ml = iA22 - A33)^. 

Al A2 
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From ([T]), we know that ^13,2 = ^23,1; thus equations (jllSp mean that 

(116) ^11+^122 = 2^33. 

Combining (|1U4|) and (|116|) . we obtain 

(117) 2A? = 6^-^i + ^. 

taking derivatives for (|117p along E3 and using ([2|) and ([97|) . we have 

this means that = 0. From (fT09]) . (fTT3|) and (fTTI|) . we get 

(118) Si2,39- = 0, 5l2,3S = 0. 

^1 -^1 

one deduced the Mobius form <l> = 0. 

Since = 0, we get from ([6]) that Ai = \f^, A2 = Thus / is a Mobius 

isoparametric hypersurface with Mobius principal curvatures 



n — 1 n — 1 
2n V 2n 

It is then easy to show (or by the classification result in [15j of Mobius isoparametric 
hypersurfaces with three distinct principal curvatures) that / is Mobius equivalent to 
the minimal hypersurface defined by 

X = {xi,X2) : = TV^ ^ F«-3(_!i:il) ^ s''+\ 

on 



where 



Here yi : A^^ — t- S'^iy ^^rj) ^ is Cartan's minimal isoparametric hypersurface 



XI = -,X2 = -,yo G G i?',y2 g i?" 
yo yo 



in S {^J with three principal curvatures, and {yo,y2) ■ H"^ (~\r) ^ -^1 is 

n-l 
6n 



the standard embedding of the hyperbolic space of sectional curvature into the 



(n — 2)-dimensional Lorentz space with — + y2 = 

On the other hand, Since p, = ^ = 0, then Baa,i = -B^a^i = Ei{p,) = 0,Baa,2 
Baa,2 = B2{fl) = 0. Using ([3]), we have 

-BlQ,,a = —Ci,B2a,a = —C2, Bia,a = Ci = 0, i?2a,a = C2 = 0. 
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For the last two of equations ([87|) . we get that $ = 0. Since B, B share equal eigenvalues, 
then / determines the same Mobius isoparametric hypersurface as /. So f{M) is Mobius 
equivalent to f{M). 

I COS sin \ 

In fact, at every point of M"^ there exist a suitable -P = G 5*0(2) 



such that 

\B2i B22I In -J'n:=l 




■ sm u cos ( 



2n 

One can show by computation that ^ is a constant. Then one can construct a local 
diffeomorphism ip : M" — )■ M" such that f o ip not only share the same metric as /, 
but also share the same Mobius principal curvatures and the same principal directions. 
Thus there exists Mobius transformation ^ such that 

/oV = ^'o/. 

This is exactly the case as in Remark 11.71 Thus we do not get new Mobius deformable 
examples. □ 

Thus we have verified Proposition 19.11 in all cases and completed the proof to the 
Main Theorem [T3J 
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